Numerical Method for Electric Potential Field
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The Usual Method to Solve Electric Potential Field

In electrostatics, according to Coulomb’s law, the electric field, E, of a stationary charge follows the
equation:
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E(r)= f o) p(rHdt
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(g0 is permittivity of free space, 4 is unit vector from charge to the point where E is measured, 7~ is
distance from charge to the point where E is measured, and p is charge density)

The potential, V, is then given by:

V@) = %EO f ; p(r) dt’
It is easy to prove that, the potential, V, can be written as differential form, using Poisson’s equation,
WV=—ip
€o
When the charge inside a system is zero, Poisson’s equation reduces to Laplace’s equation:
V2V =0
If V depends on two variables, Laplace’s equation becomes:
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To separate variables, let:
Vxy) = XX)Y(Y)

Putting the above equation into Laplace’s equation, we obtain:
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The general solution for previous differential equation is:
X(x) = Ae** + Be™**,Y(y) = Csin(ky) + Dcos(ky)

SO,

V(x,y) = (Ae** + Be ¥ (Csin(ky) + Dcos(ky))

Now we can use the above equation with boundary condition to find potential of different charge
distribution.

Numerical Method

If we have Poisson’s equation in boundary {x,y=|a<x <b,c < y < d}:
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Let step size:
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Using Taylor series, we can get:
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Substitute these two equations back to Poisson’s equation:
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When we have step size in x direction and y direction the same (h = k):
u(xp ) (X2 (X ) T (%Y ) (XY, ) = R ()
If we have Laplace’s equation instead of Poisson’s equation (f (x, y) = 0):
Au(Xp ) TN p Y TG p V) T (% Yy y) (% Yy ) 7O

In a grid, the above equation would indicate that value of a point is equal to average value of four
surrounding points. So we can set up a matrix system to solve problems like finding to electric potential.



Example

Two infinitely-long grounded metal plates, at y=0 and y=a, are connected at x=tb by metal strips
maintained at constant potential Vo. Find the potential inside the pipe.

1) Usual method:
Differential equation:

V(x,y) = (Ae*™* + Be **)(Csin(ky) + Dcos(ky))
Boundary conditions:

(i) V=0wheny=0
(i) V=0wheny=a
(iii) V=Vywhenx=0»b
(iv) V =V, whenx = —b

Because the symmetry of the system, V(-X,y)=V(x,y), A=B, and absorbing 2A=(A+B) into C and D we
have:

V(x,y) = (A" + Ade ) (Csin(ky) + Dcos(ky))
V(x,y) = 2Acosh(kx)(Csin(ky) + Dcos(ky))

V(x,y) = cosh(kx)(Csin(ky) + Dcos(ky))

Boundary condition (i) and (ii) require D=0 and k=nm/a, S0

V(x,y) = Ccosh(nmx/a)sin(nmy/a)



The solution should be linear combination of above equation, so

Vix,y) = Z C, cosh(nmx/a)sin(nmy/a)

n=1

Using condition (iii) to find C:

= nmb nm
V(b,y) = Z C, cosh (—) sin (_y) =V,
L a a

By observing the above equation, we can find out that:
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So the potential is given by

4V, i 1 cosh(nnx/a)
———  sin(nny/a)

V(x,y) = T n cosh(nmx/a)

n=1,3,5.

Using Maple to find potential of few points:
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So we have
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i) Numerical Method

With the same 9 points, set the potential at those points to be V1, V2...V9.
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Because the relation

du(xp vy = u(x V) (X p ) T (1% 1) TR V=) 7O
we have following equations:

(4V1=0+4+V2+V4+V0
4V2=0+V3+V5+V1
4V3=0+V0+V6+V2

4V4=V1+V5+V7+VO0

14V5=V2+V6+V8+V4

46 =V3+V0+V9+V5
4V7=V4+V8+0+V0
4V8=V5+V9+0+V7
4V9=V6+V0+0+V8

Set up matrix system:

4-1 0-1 0 0 0 0 O Vi 1
-1 4-1 0-1 0 0 0 O V2 0
0-1 4 0 0-1 0 0 O V3 1
-1 0 0 4-1 0-1 0 O V4 1
0-1 0-1 4-1 0-1 0 [[[V5(=]0
0 0-1 0-1 4 0 0-1 V6 1
0 0 0-1 0 0 4-1 0 V7 1
0 00 0-1 0-1 4-1 14 0
0 000 0-1 0-1 4 V9 1

Solved by Maple:



4-1 0-1 0 0 0 0 01|
-1 4-1 0-1 0 0 0 0O
0-1 4 0 0-1 0 0 01
-1 0 0 4-1 0-1 0 01
M=| 0-1 0-1 4-1 0-1 00
0 0-1 0-1 4 0 0-11
0 0 0-1 0 0 4-1 01
0 0 0 0-1 0-1 4-10
| 00 0 0 0-1 0-1 41|
> evalf (LinearAlgebra:-ReducedRowEchelonForm (M) )

1.0.0.0.0.0.0.0. 0. 0.5000000000 |
0.1.0.0.0.0.0. 0. 0. 0.3750000000
0.0.1.0.0.0.0.0. 0. 0.5000000000
0.0.0.1.0.0.0. 0. 0. 0.6250000000
0.0.0.0.1.0.0.0. 0. 0.5000000000
0.0.0.0.0.1.0.0. 0. 0.6250000000
0.0.0.0.0.0.1.0.0. 0.5000000000
0.0.0.0.0.0.0. 1. 0. 0.3750000000
_0. 0.0.0.0.0.0.0. 1. O.SOOOOOOOOO_
So we have
Y
V=04
a
0.500vo] 0.375Ve]  0.500V:
0.75a
V=V, L_0625vs] o.500vi] 0625V V=V,
0.5a
0.500vo] 0375V 0.500V:
0.25a
X
-b -0.5b 10 0.5b b >




Analysis and Conclusion
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(Potential field using numerical method)

Potentials calculated using numerical method is very close to actual value. If more points are used, the
result should be even more accurate. So, when we only need approximate value of few point on an
electric potential field (or similar problem) given boundary condition, numerical method can be an
efficient way to do that.
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